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Evaluation

Evaluation

* Labs: 2 to 3 Labs with Jupyter graded (30% of the final
grade).

* Project. Evaluate 'jupyter' notebooks. 30% of final
grade.

* Exam. 3h Exam (40% of the final grade).



Part 1: Robert Gower

* 16/09/19
* 23/09/19
* 30/09/19
07/10/19
14/10/19
21/10/19
18/11/19

Foundations and the empirical risk problem, GD
Proximal gradient desent methods

Lab 1st order method. Bring laptops!
Stochastic gradient descent

Stochastic variance reduction method

Online methods and scale invariant methods

Lab 1" stochastic methods. Bring laptops!



An Introduction to

Supervised Learning




References classes today

Chapter 2 Pages 67 to 79

Understanding Machine Convex Optimization,
Learning: From "Theory to Stephen Boyd
Algorithms

Stephen Boyd and
Lieven Vandenberghe

UNDERSTANDING

MACHINE

LEARNING convex

Optimization
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Is There a Cat in the Photo?

Yes
h
I
No
z: Input /Feature y: Output/Target

Find mapping A that assigns the “correct” target to each input

h:xzcR? - y € R




Labeled Data: The training set




Labeled Data: The training set

y= -1 means no/false




Labeled Data: The training set

l y= -1 means no/false

Learning
Algorithm




Labeled Data: The training set

l y= -1 means no/false

Learning ‘ .
Algorithm hﬂ?EX—)yER




Labeled Data: The training set

* T
l y= -1 means no/false
Learning ‘
Algorithm hﬂ?EX—)yER




Example: Linear Regression for
Height Viale =0

Female = 1
Labelled data X & R2, ye Ry

CC%{ Sex 0 CU?{ Sex 1
x% { Age 30 RN 56727’ { Age 70

1 n
Yy { Height 1,72 cm Yy { Height 1,52 cm




Example: Linear Regression for
Height Viale =0

Female = 1
Labelled data X & R2, ye Ry

1
Xq { Sex 0 CE? { Sex 1
a:% { Age 30 RN :US’ { Age 70
1 n
Yy { Height 1,72 cm Yy { Height 1,52 cm

Example Hypothesis: Linear Model .
ro=—
Ry, (Il, QEQ) = Wo + T1W1 + oWy = <’LU, 33>




Male = 0

Female = 1
Labelled data X & R2, ye Ry

1
X1 { Sex 0 33711 { Sex 1
513% { Age 30 RN 373 { Age 70
1 n
Yy { Height 1,72 cm Yy { Height 1,52 cm

Example Hypothesis: Linear Model

330:1

ho(T1,22) = wo + T1w1 + 2w = (W, x)
Example Training Prol%/lem:
. . . . 2
min % Z (hw(xi, To) — yz)

R3
wE 1




Linear Regression for Height

HeightA Sex = (




Linear Regression for Height

HeightA Sex = (

h’w (3317 :CZ)

A
The Training &¢
Algorithm
= 2
. 1 () ) )
min - how(x7, @



Linear Regression for Height

HeightA Sex = (

Other options
aside from linear?

hw (:Cl ’ CEZ) """"""""" :
X
; >
L2
A
The Training 5¢
Algorithm
- 2
. 1 (A ()
min -—



Parametrizing the Hypothesis

Linear:

Polinomial:

Neural Net:

d e
ho () =) wiw; E
i=0 ;

>
Age
d H
S .. . . i X X X
hy () = E WigTity |
1,7=0 il >
Age

U1

k exe :

v1 = sign(wi1z1 + wi2x2)

U2
Y1
T9 ’037 Vg = 1/ (1 —+ exp(w41:€1 + w42:132))
Uy

L1



LL.oss Functions




= 2
min —
weRd " Z
Let Yn — hw(x)

Loss Functions

/- RxR — R_|_
(yn,y) — Lyn,y)

The Trammg Problem

min — g E
ERd

Why a Squared
Loss?



n

\ 2
min = g yz)
weRd "

=1

Let Yn — hw(ZIZ)

Loss Functions

/- RxR — R_|_
(yn,y) — Lyn,y)

The Training Problem

R RN

Why a Squared
Loss?

Typically a
convex function



Choosing the Loss Function
Let yp := hy(x) Uy, 1)

Quadratic Loss U(yn,y) = (yn — ?/)2

1 Yn
g(yha]-) 4
0 if y, =
Binary Loss U(yn,y) = 1 Y=Y
1 iy, #y I
1 Yn

E(yh, 1)
Hinge Loss U(yn, y) = max{0,1 — yry} L

1 Yn



y=1 in all
Choosing the Loss Function — [Hisues

Let yp := hy(x) Uy, 1)

Quadratic Loss U(yn,y) = (yn — ?/)2

1 Yn
(yn, 1) 4
0 ify, =
Binary Loss Uyn,y) = 1 Yh =14
1 ifyn #y i
1 Yn

E(yh, 1)
Hinge Loss U(yn, y) = max{0,1 — yry} E

1 Yn



y=1 in all
Choosing the Loss Function — [Hisues

Let yp := hy(x) Uy, 1)

Quadratic Loss U(yn,y) = (yn — ?/)2

1 Yn
(yn,1) 4
0 ify, =
Binary Loss Uyn,y) = 1 Yh =14
1 ifyn #y I I
1 Yh
E(yh,l)
Hinge Loss U(yn, y) = max{0,1 — yry} E
1 Yn

EXE: Plot the binary and hinge loss function in when ¢y = —1




LLoss Functions

Is a notion of Loss enough?

What happens when we do not have enough data?



Loss Functions

The Training Problem

%ﬁz—Zf )

Is a notion of Loss enough?

What happens when we do not have enough data?



Overfitting and Model Complexity

Y Py

Fitting 1% order polynomial
hy = (W, x)

* 2
w* = arg min = E
weRd ™



Overfitting and Model Complexity

A

Fitting 2"! order polynomial
hy, = wo + UJ1CE + wox
2
w* = arg min = g
weRd "



Overfitting and Model Complexity

Fitting 3" order polynomial
_ 3 0
By = 0 0 W; T

% 2
w' = arg min - E
weRd "



Overfitting and Model Complexity

Fitting 9" order polynomial
_ VY 0
By = D o 0 W; T

% 2
w® = arg min = E
weRd "



Regularization

Regularizor Functions
R : Rd — R_|_
w —  R(w)

General Tramlng Problem

min —Z€ ) + AR(w)

weRA



Regularization

Regularizor Functions
R : Rd — R_|_
w —  R(w)

General Tramlng Problem

min = Z€ ), ") + AR(w)

weRd "
J

Y
Goodness of fit,

fidelity term ...etc



Regularization

Regularizor Functions
R : Rd — R_|_
w —  R(w)

General Tramlng Problem

min = Z€ ), ") + AR(w)

weRd "
J \ ,
\

Y

Goodness of fit, Penalizes
fidelity term ...etc complexity



Regularization

Regularizor Functions

R : Rd —> R_|_ Controls tradeofft
between fit and
w — R(w) complexity

General Training Problem

min = Z€ ),vy") + AR(w)

weRd "
J \ ,
\

Y

Goodness of fit, Penalizes
fidelity term ...etc complexity



Regularizor Functions

R : Rd — R_|_ Controls tradeofft
between fit and
w — R(w) complexity

General Tramlng Problem

min —Z€ ) + AR(w)

weRA
J \ J
Y Y
Goodness of fit, Penalizes
fidelity term ...etc complexity

Exe:
R(w) = ||w||3, ||lw|l, |lw||,, other norms ...



Overfitting and Model Complexity

A

Y
_. T
* %
o
N
- s,
" ®
Fitting k™ order polynomial
k o
hoy = ZZ o Wik
2
w* = arg min = g )"+ Alwl]x

weRd "



Overfitting and Model Complexity

A
Yy
® g For A big enough,
o ° the solution is a 2"
Y @ order polynomial
o L
L
T s

Fitting k™ order polynomial
k o
h, = Z _o WiZ"

w* = arg min —Z 2+)\Hw||1
weRA



Fxe: Ridge Regression

Linear hypothesis L2 regularizor
ho() = (w.2) = R(w)= w3
L2 loss

Uyn,y) = (yn — y)*

Ridge Regression

n
.1 i i\ \2 2
min = E w, T + Al|w
weRd”izl(y ( ) w3



Exe: Support Vector Machines
Linear hypothesis L2 regularizor
ho(@) = (w,z) ™™ R(w) = w3

Hinge loss

(yn,y) = max{0,1 — ypy}

4

SVM with soft margin

n



Fixe: Logistic Regression

Linear hypothesis L2 regularizor
ho() = (w.2) = R(w)= w3

Logistic loss

((yn,y) = In(1 +e7¥%")

Logistic Regressmn

min —Zln (1+eY ) ) + A |wl|3

weRd —



The Machine Learners Job

(1) Get the labeled data: (z,¢y),..., (=", y")
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The Machine Learners Job

(1) Get the labeled data: (z,¢y),..., (=", y")

(2) Choose a parametrization for hypothesis: h,,(x)

(3) Choose a loss function: £(h(x),y) >0



The Machine Learners Job

Get the labeled data: (z*,v'),..., (2", y")

Choose a parametrization for hypothesis: h,,(x)

Choose a loss function: ¢(h(x),y) >0

Solve the tmz’nmg problem:

min —Z€ )+ AR(w)

weRA
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Get the labeled data: (z*,v'),..., (2", y")

Choose a parametrization for hypothesis: h,,(x)

Choose a loss function: ¢(h(x),y) >0

Solve the tmz’nmg problem:

min —ZE )+ AR(w)

weRA

Test and cross-validate. If fail, go back a few steps



The Machine Learners Job

Get the labeled data: (z*,v'),..., (2", y")

Choose a parametrization for hypothesis: h,,(x)

Choose a loss function: ¢(h(x),y) >0

Solve the tmz’ning problem:

min —Z€ )+ AR(w)

weRA

Test and cross-validate. If fail, go back a few steps



The Statistical Learning Problem:
The hard truth

Do we really care if the loss £ (hy(z"),y")
is small on the known labelled data paris (2',3') ? Nope

We really want to have a small loss on new unlabelled
Observations!

Assume data sampled (@,4) ~D  whereDP is an unknown

distribution



—

he hard truth

The statistical learning problem:

he Statistical Learning Problem:

Minimize the expected loss over an unknown expectation

min E(x’y)ND w (hw (37)7 y)]

weRd

Variance of sample mean:

E(x7y)w1) [é (hw (CL’), y)] —




Optimization for Datascience

Convexity, Smoothness and the Gradient
Method

Robert M. Gower

TELECOM

ParisTech




Today we will

* Lecture: Basic theory and exercises on convexity,
smoothness, strong convexity and convergence proofs
* Exercises lists:
complexity rates exe
exe convexity smoothness

ridge reg exe



References for todays class

Yurii Nestorov (2004)
Introductory Lectures on
Convex Programming

Chapter 1 and Section 2.1

Free pdf online !
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Yuri Mesteroy

INTRODUCTORY
LECTURES ON
CONVEX
OPTIMIZATION

A Basic Course

LT




Solving the Finite Sum Tralnlng

Problem




Optimization Sum of Terms

A Datum Function

fi(w) =€ (hyp(x"),y") + AR(w)

%Zz(hw(xi),yi)ﬂfz(w) — 12
— 12]0@

Finite Sum Training Problem

min > fi(w) = f(w)

) + AR(w))



Optimization Sum of Terms

A Datum Function

fi(w) =€ (hyp(x"),y") + AR(w)

%Zf(hw(azi),yi)—k)\}%(w) — 12
— 12]0@

Finite Sum Training Problem

) + AR(w))

How to solve
unconstrained
optimization”?



The Training Problem

Solving the training problem: min % Z fi(w)

Reference method: Gradient descent

\% (% Zfi(@) = %vaz‘(w)

Gradient Descent Algorithm

Set w® = 0, choose a > 0.
tort=1,2,3,...,T

t+1_w __Zz 1vfz( )

Output w! !




Gradient Descent Example

1] 1 11

O

O a=0.7

Logistig Regression

1 l - ’L< ) Z) 2
ﬁgdn;nme V) 4 X w13

Can we prove
that this always
works?



Gradient Descent Example

=

O a=0.7

Logistig Regression

1 l - ’L< ) 1’> 2
ﬁgdn;n(lw V) 4 X w13

Can we prove
that this always
works?



Gradient Descent Example

Logistig Regression

min LY In(1 + e @) 4 ) fuw]3
=i

weRd ™ r

Can we prove
that this always
works?

0.5

L} 1] 1 11

O a=0.7




Gradient Descent Example

LY

| W
=

O a=0.7

Logistig Regression
min %
weR4

Y In( + eV ) 4 A3
=1

=)

=

\ /
2 /
= /
(=] /
v /

&)

)

()

)

()

® /
J
(J
Q
e
O -
x — "//6/
1 1 ---;_--_- __I__----- Qr\ 1 4
. . 0 05 1
Can we prove
that this always
works?

Specialize

Convex and

smooth training
problems



Optimization is hard (in general)

0.0 -~

-0.2~
0.6~
~05% Need
assumptions!
5] _ ~
Z 0 _ -~ )

f(z,y) = — cos(z) cos(y) exp (—(z — m)* — (y — 7)*)



Optimization is hard (in general)




Data science methods most used
(Kaggle 2017 survey)

Convex
Optimization
problems

Data Visualization

Logistic Regression
Cross-Validation

Decision Trees

Random Farests

Time 5eries Analysis

Meural Netwarks

FCAand Dimensionality Reduction
kMM and Other Clustering
Text Analytics

Ensemble Methods
Segmentation

SVM=

Matural Language Processing
AfB Testing

Bayesian Techniques

Maive Bayes

Gradient Boosted Machines
CHMs

Simulation

Recommender 5ystems
Association Rules

RiMMs

Frescriptive Modeling

=k~ r=er e B = e

15%
14%
14%

11%
1%

#




Main assumption
Nice property

If Vi(w*)=0 then f(w*)< f(w), VYweR?

All stationary points are
global minima

Lemma: Convexity => Nice property

If f(w)> f(y) +(Vf(y),w—y), YwyecR
then nice property holds

prooF: Choose y = w”



Convexity

We say f :dom(f) C R™ — R is convex if dom(f) is convex and

fAw+ (1 =Ay) <Af(w)+ (1 =A)f(y), Ywyel el 1]

Global minimizer =
: Stationary point =
W Local minimizer Yy



Convexity: First derivative

A differential function f :dom(f) C R™ — R is convex iff

flw) = fly) +{Vf(y),w—y)




Convexity: Second derivative

A twice differential function f : dom(f) C R™ — R is convex iff

Vif(w) =0 < o' Vif(w)v>0, VYw,veR"




Convexity: Examples

Extended-value extension: f:R" - RU{oco}
f(x) =00, V¢ dom(f)

Norms and squared norms: x — ||z

Proof is an

L = | ‘x’ |2 exercise!

Negative log and logistic: z — — log(z)
x — log (1 -+ e_y<a>$>)
Hinge loss xr — max{0,1 — yx}

Negatives log determinant, exponentiation ... etc



Smoothness

We say f: R" — RU{oo} is smooth if

IVf(z) = V)l < Lljlz —yll, Vr,yecR"



Smoothness

We say f: R"™ — RU{oo} is smooth if

|IVi(x) = VWl < Lllz —yll, Vz,ycR"
If a twice differentiable f : R"™ — R U {oo} is L—smooth then
1) d'V2f(x)d < L- ||d||3, Vz,deR"”

) f@) < W)+ (VI - )+ eyl ey e R



Smoothness

We say f: R"™ — RU{oo} is smooth if

|IVf(z) =Vl < Lllz —yll, Vr,yeR"

If a twice differentiable f : R"™ — R U {oo} is L—smooth then

1) d'V2f(x)d < L- ||d||3, Vz,deR"”

L 2 n
2) f@) < fy) + (Vi) 2 —y) + Sllz =yl Ve,yeR
EXE: Using that Tmax (X)2||d||2 > || X " d||3

Show that %HXTw — b||5 is Tmax(X)*~smooth



Smoothness: Examples

Convex quadratics: r—x Az +b x+ec
Logistic: T — log (1 + e—y(mcc))
Trigonometric: x — cos(z), sin(x)

Proof is an
exercise!



Important consequences of

Smoothness
If f:R" — RU{oo} is L-smooth then

f(2) < f) + (V@) o —9) + e — oI, VayeR"

\




Smoothness: Convex
counter-example

f(w) =lwl[y =) wy
1=1

We'll see how to handle

this problem next class Does not fit.
Not smooth



Insight into Gradient Descent

f(w) < F@) + V@) w—y) + Zllw — 3l Vw,y € R

Minimizing the upper bound in w we get:

W (£ + (V5w =) + Gl = ol ) = V) + Lw =) =0



Insight into Gradient Descent

f(w) < F@) + V@) w—y) + Zllw — 3l Vw,y € R

Minimizing the upper bound in w we get:

W (£ + (V5w =) + Gl = ol ) = V) + Lw =) =0



Insight into Gradient Descent

f(w) < F@) + V@) w—y) + Zllw — 3l Vw,y € R

Minimizing the upper bound in w we get:

W (£ + (V5w =) + Gl = ol ) = V) + Lw =) =0

A gradient
descent step !

wzy—%vﬂw



Insight into Gradient Descent

f(w) < F) + (V@) w =)+ 2l —yl%, Y,y eR"

Minimizing the upper bound in w we get:

W (£ + (V5w =) + Gl = ol ) = V) + Lw =) =0

EXE: If fis L-smooth, show that
1 l A gradient
|
fly—1Viw) - fly) < —iHVf(y)H%, Yy descent step !

1
) = f(w) < —5EIVS@)B Yo eR" w=y— ~Vf(y)

where f(w*) < f(w), Yw € R"



Strong convexity
We say f: R" — RU{oo} is pu—strongly convex if

fw) = f) + (Vi) =)+ Gllw—yl’, Yw.yeR"

Hinge loss + L2

1
max{0, 1 — w} +  ||wl[3

Quadratic lower bound




Strong convexity
We say f:R" - RU {0} is u—strongly convex if

Fw) = f(y) +(VI@)w —y) + Slw—=yl%, Vu,yeR"

d'V? f(w)d > plld|]*, VvdeR"

EXE: Using that
omin(X)?||d]3 < || X " d]|5
Show that

%HX Tw— b||§ i Omin (X )2—Strongly convex



Convergence GD strongly convex

Theorem

Let f be u-strongly convex and L-smooth.

t 0k 2< 1_& f 1 o %2
|lw" —w*|]z < 7 ) llw™ = w3
Where
1

th:wt—ZVf(wt), fort=1,...,T
— L 1 1
= for lw” — wl <eweneed T > —log| -] =0|log| —
[l — w2 TR :

EXE: Solve the questions in complexity rates exe.pdf




Gradient Descent Example: logistic

Convergence plot
107 4 — od

1071 o

1072 5

lﬂ—] .

1074 5

lﬂ—.‘l .

Distance to the minimum

1070 5

1077 4

0 10000 20000 30000 40000 50000 60000 70000

= t w*H% # | w*H%
—axis = 1 <tl (1 — —‘)
YARE l|w! — w*||2 °5 l|w! — w*||§ ©5 L




Proof Convergence GD strongly
convex + smooth Proof on board

* * 1
Jw —w|fs = [Jw’ —w” = =V ()]

= [Ju! — w3+ 2 (VF(w), 0" — w') + — ||V f(w))]

1
Now smoothness fw*) = f(w) < —i\lvf(w)\lg

gives ‘

IV F(w)llz < 2L(f(w) — f(w"))

And strong f(w*) > fw) +(Vf(w), w" —w) + g“w — w*||2
convexity gives ‘
—(f(

(V f(w), w* —w) < —(f(w) = f(w*)) = Efjw —w?|?

2



Convergence GD for smooth + convex

Theorem

Let f be convex and L-smooth.

N ey 2 2Lt —w B
) - fwn) < 2R o ()

Where
1
wtt = w' — =V f(wh)

<eweneedT > — =0

= fi
o Tt = w2 ‘

€

f(wh) — fw*) 2L (1)



Convex and Smooth Properties

If f:R"™ = RU{oo} convex and L—smooth then
1
fy) = @) < (Vfy)y —2) = 5= V() = V@)l

Co-coercivity

(V1) ~ V@), —a) > 7 Vi() - Vi)l

Proof



Convex and Smooth Properties

If f:R"™ = RU{oo} convex and L—smooth then
1
fy) = @) < (Vfy)y —2) = 5= V() = V@)l

Co-coercivity

(V1) ~ V@), —a) > 7 Vi() - Vi)l

Use convexity Use smoothness
A A

fy) — (@) = Fy) — £(2) + f(2) — f(z)

Proof



Convex and Smooth Properties

If f:R"™ = RU{oo} convex and L—smooth then
1
fy) = @) < (Vfy)y —2) = 5= V() = V@)l

Co-coercivity

(V1) ~ V@), —a) > 7 Vi() - Vi)l

Use convexity Use smoothness

f) = f@) = F) — £(2) + F(2) — f(z) )
< (VI y—2) + (V)2 —2) + Tz - z||?

Proof



Convex and Smooth Properties

If f:R"™ = RU{oo} convex and L—smooth then
1
fy) = @) < (Vfy)y —2) = 5= V() = V@)l

Co-coercivity

(V1) ~ V@), —a) > 7 Vi() - Vi)l

Use convexity Use smoothness

f) = f@) = F) — £(2) + F(2) — f(z) )
< (VI y—2) + (V)2 —2) + Tz - z||?

Then minimize in z and insert back in minima.

Proof



Proof of GD smooth + convex theorem

1
|wi™ —w*||5 = ||w' —w* — =V f(w)||3 Use co-coercivity

L X
N

" 2 ; 1
= |ut — '+ F(VS (), w0 — w') + — [V ()|

Co-coercivity

(V1) ~ VI w)y —w) > £ V5 (w) - V)]l
With y = w* gives  (Vf(w),w* —w) < —%va(w)‘b

Inserti 1
pserting above -1yttt — |3 < [ju' — w|3 — =51V ()3
show decreasing

1
smoothness gives  J (W) = [T < fw') = £ = V(w3

Combine with f(wt) fw™) < (Vf(w ) w' — w ")
convexity <V (w)][2]|w" —w*||2



- Acceleration and lower bouds




The Accelerated gradient method

min f{w)

Accelerated gradient

Set w! =0=y',x =L/u
fort=1,2,3,...,T

1
y' = w' - sz(wt)

witl — 1_|_\/E_1 yt—l—l_\/E_lwt
vE+1 VE+1

Output w! !




The Accelerated gradient method

min f{w)

Accelerated gradient —

extrapolation,

Set wl = O:yl,ﬁzz L/,U but it works
fort=1,2,3,...,T

1
y' = w' - sz(wt)

witl — 1_|_\/E_1 yt—l—l_\/g_lwt
vE+1 VE+1

Output w! !




Convergence lower bounds
strongly convex

Theorem (Nesterov)
For any optimization algorithm where

w' € w' + span (Vf(w'), Vf(w?),...,Vf(w"))
There exists a function f(w) that is L-smooth and p—strongly convex
such that

fw") = flw")

'V
N | =

9 2(T—-1)
(1_\/m> le_w*Hg

1 2 Accelerated
O 1 - ﬁ ‘ gradient has

this rate

Yuri Nesterov (1998), Springer Publishing, Introductory Lectures on Convex
Optimization: A Basic Course
Adobe




Convergence lower bounds
strongly convex

Theorem (Nesterov)
For any optimization algorithm where

w' € w' + span (Vf(w'), Vf(w?),...,Vf(w"))
There exists a function f(w) that is L-smooth and p—strongly convex
such that

fw") = flw")

'V
N | =

9 2(T—-1)
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